In this paper, the concept of convex fuzzy-valued functions from R to the set of fuzzy numbers is introduced, and the concepts of differentiability for convex fuzzy-valued functions are presented and discussed using the new generalized difference, and extended generalized subgradient and subdifferential. Some properties are calculelated and gained for convex fuzzy-valued functions.
Introduction
In [29] , the concept of fuzzy number, which was introduced by zadeh, is presented. Following zadeh many authors have studied fuzzy numbers. The concept of fuzzy number has become very important as its theory and application have been developed and used extensively. For instance, Diamond and Kloeden [6] , Puri and Ralescu [18] , Dubois and Prade [7] , [8] , [9] , Wu and Ma [24] , [25] , Wang and Wu [23] , Ghill et al. [10] , Wang et al. [22] discussed the problem of Hukuhara differentiability and integrability and measurability of fuzzy mapping. In 1992, Nada and Kar [15] suggested the concept of convex fuzzy mapping. After ward, many researches on convexity for fuzzy mapping and application to fuzzy optimization were thoroughly conducted (examples can be seen in [2, 14, 27, 30] ). Convexity is the driving force in fuzzy optimization theory, yet the condition of convex fuzzy mapping is very limited. Therefore, its application has a limited scope. As a result, some definitions were given for different kinds of convexity or generalized convexity of fuzzy mapping and the properties of then were studied. In [17] the concept of fuzzy preinvex functions over the fields R was introduced by Noor, and the properties of fuzzy preinvex function were obtained. Gomes and Barros [12] proposed the concept of g-difference, which overcomes the shortcomings of the concepts discussed. It is know that the g-difference of two fuzzy numbers always exists. The innovatecl generaliztion of the Hukuhara difference for fuzzy sers were baseedby Bede and stefanini [4] to introduce and study the new generalized differentiability concepts for fuzzy-valued functions in 2013. The concopt of g-differentiability for convex fuzzy-valued function is introduced here based on the Bede and stefanini [4] and the importance of the concept of differentiability for fuzzy mappings. This model of g-differentiability uses the innovative generaliztion of the Hukuhara difference for fuzzy sets according to stefanini's proposed model [21] . The g-differentiability, generalized subgradient, and subdifferential for convex fuzzy-valued functions, proposed in this paper, are considered. The aim of this paper is to use the fuzzy g-difference presented in Bede and Stefanini [4] to define and to study the generalized differentiability for fuzzy-valued functions. Section 2 of this paper presents some definitions along with the results about fuzzy numbers and the generalized fuzzy difference and differentiability. Section 3 studies the generalized differentiablity of convex fuzzy-valued functions . Some properties are obtained for convex fuzzy-valued functions. Section 4 considers the Generalized subgradient and subdifferential of convex fuzzy-valued functions are discussed and some results are obtained.
Basic preliminaries
In this section, we present some definitions and introduce the necessary notation, which will be used throughout the paper.
(i) u is fuzzy convex;
(ii) u is normal, i.e., there exists an x 0 ∈ R such that u(x 0 ) = 1;
(iii) is upper semi-continuous;
Then R F is called the space of fuzzy numbers.
Then from (i) to (iv), it follows that the r-level set [u] r is a closed interval for all r ∈ [0, 1]. A triangular fuzzy number is defined as a fuzzy set in R F . that is specified by an ordered triple The Hausdorff distance on R F is dened by
The metric D is well defined since the gH-difference of intervals, [u] r ⊖ gH [v] r always exists. Also, this allows us to deduce that (R F , D) is a complete metric space. This denition is equivalent to the usual denitions for metric spaces of fuzzy numbers in e.g., [1, 6, 11, 13] . (ii) u + : r −→ u + r ∈ R is a bounded monotonic nonincreasing left-continuous function ∀r ∈ [0, 1] and right-continuous for r = 0;
The following result is well known [16] :
Let {U r |r ∈ (0, 1)}be a family of real intervals such that the following three conditions are satised:
1. U r is a nonempty compact interval for all r ∈]0, 1];
3. given any nondecreasing sequence r n ∈]0, 1] with lim n−→∞ r n = r > 0 it is
Then there exists a unique LU-fuzzy quantity u such that [u] r = U r , ∀r ∈]0, 1] and
.
In terms of r-levels we have
, and the conditions for the existence of
It is easy to show that (i) and (ii) are both valid if and only if ω is a crisp number.
The generalized difference (g-difference for short) of two fuzzy numbers u, v ∈ R F is given by its level sets as
Generalized fuzzy functions differentiability
According to the g-difference introduced in Definition (2.1), we suggest the follwing g-differentiability concept, that extends in excess the gH-differentiability.
2) exists, we say that f is generalized differentiable (g-differentiable for short) at x 0 .
If f − r (x) and f + r (x) are differentiable real-valued functions with respect to x, uniformly for r ∈ [0, 1], then f (x) is g-differentiable and we have
Convex fuzzy functions and generalized differentiability
In what follows, we discuss convex fuzzy-valued function and generalized differentiability. Let I be an interval in R, and denoted the interior of I by int(I). 
exists on int(I). We say f to be convex fuzy-valued functions right and ( left) generalized differentiable (C g -differentiable for short) on int(I). 
Then we say f to be right and (left) generalized differentiable on int(I) 
uniformly converges to f ′C +g (x)(r), ( f ′C −g (x)(r)) with respect to r on [0, 1] as h −→ 0 + .
Proof. [ 
] .
Therefore f ′C +g (0)(r) satisfy conditions of theorem 24 in [4] , and G +g (0, h)(r) uniformly for r ∈ [0, 1] converge to f ′C +g (0)(r) = [−1 + r, 1 − r], as h → 0 + . By theorem 24 in [4] , we know f is generalized right differentiable at x = 0. With similar argument, we have that f is generalized left differentiable at x = 0. 
Moreover, since f is convex, by (1) and (2) of theorem(3.1), we know that for any fixed r ∈ [0, 1], f − r (x) and f + r (x) are convex. and non decreasing on open interval (0, δ ). Therefore by theorem(3.1), we know that
is nondecreasing on (0, δ ). Similarly, we can show that
is nonincreasing on open interval (0, δ ). If there exists δ > 0 such that x + h ∈ int(I) and (x − h ∈ int(I)), for any h ∈ (0, δ ], then f ′C +g (x), ( f ′C −g (x)) exists on int(I), and f ′C +g (x) = inf h∈(0,δ ) G +g (x, h), ( f ′C −g (x) = sup h∈(0,δ ) G −g (x, h)) Proof. Consider δ 1 ∈ (0, 1). By Lemma (3.1), it is known that G +g (x, h) is nondecreasing on open iterval (0, δ ), therefore G +g (x, h) is nondecreasing on interval (0, δ 1 ]. Thus, by Theorem (3.1), we know that G − +g (x, h)(r) and
, therefore by arbitrating the δ 1 in (0, δ ) we come up with that {G +g (x, h) : h ∈ (0, δ )} is bounded from below. Thus, by Theorem 2.1 in [26] , lemma (3.1) and Theorem (3.1), it is known that there exists G ⊂ [0, 1] such that mG = 0 and [ inf
holds for any r ∈ [0, 1]\G. Hence, as r ∈ [0, 1]\G. Let λ r (h)
Denoting the intervals Λ r
Thus
can be proved with same argument. 
Also, if there exists δ > 0 such that x + h ∈ int(I) and x − h ∈ int(I), for any h ∈ (0, δ ), then f ′C +g (x) and f ′C −g (x) exists on int(I), and f ′C 
we have 
x > 0.
Generalized subgradient of convex fuzzy function
In the following definition, we give the definition of generalized subgradient and subdifferetired of convex fuzzyvalued function.
and the represention of r-level set above definition for any r ∈ [0, 1] is as follow:
We say f ′C −g and f ′C +g is called a generalized subgradient of f at x 0 and the set of all generalized subgradients of f at x 0 is called generalized subdifferential of f at x 0 and denoted by ∂ g ( f (x 0 ) ). Let f i ∈ j(R F ) ⊂ C[0, 1] ×C[0, 1], i.e exists
We have If x − x 0 < 0 then by (4.1), we have
conclusion
Bede and stefanini [4] mentioned the fuzzy g-difference, in this paper uses the fuzzy g-difference to define the generalized differentiability for convex fuzzy-value functions. Additionally, the concepts of g-differentiability, generalized subgradient and subdifferential for convex fuzzy-valued functions are extended. The results obtained by this study is possible to be applied to the generalized fuzzy partial differential equations and the generalized fuzzy differential equations. It is proposed that some researches be conducted based on investigating the generalized subdifferential of fuzzy-valued functions and their application in the generalized convex optimality.
